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1. Introduction 

Rotating machinery is commonly used in many mechanical systems, including electrical 
motors, machine tools, compressors, turbo machinery and aircraft gas turbine engines. 
Typically, these systems are affected by exogenous or endogenous vibrations produced by 
unbalance, misalignment, resonances, bowed shafts, material imperfections and cracks. 
Vibration can result from a number of conditions, acting alone or in combination. The 
vibration problems may be caused by auxiliary equipment, not just the primary equipment. 
Control of machinery vibration is essential in the industry today to increase running speeds 
and the requirement for rotating machinery to operate within specified levels of vibration.  

Vibration caused by mass imbalance is a common problem in rotating machinery. Rotor 
imbalance occurs when the principal inertia axis of the rotor does not coincide with its 
geometrical axis and leads to synchronous vibrations and significant undesirable forces 
transmitted to the mechanical elements and supports.  A heavy spot in a rotating component 
will cause vibration when the unbalanced weight rotates around the rotor axis, creating a 
centrifugal force. Imbalance could be caused by manufacturing defects (machining errors, 
casting flaws, etc.) or maintenance issues (deformed or dirty fan blades, missing balance 
weights, etc.). As rotor speed changes, the effects of imbalance may become higher. 
Imbalance can severely reduce bearing life-time as well as cause undue machine vibration. 
Shaft misalignment is a condition in which the shafts of the driving and driven machines are 
not on the same centre-line generating reaction forces and moments in the couplings. 
Flexible couplings are used to reduce the misalignment effects and transmit rotary power 
without torsional slip. 

Many methods have been developed to reduce the unbalance-induced vibration by using 
different devices such as active balancing devices, electromagnetic bearings, active squeeze 
film dampers, lateral force actuators, pressurized bearings and movable bearings (see, e.g., 
Blanco et al., 2003, 2007, 2008, 2010a, 2010b; Chong-Won, 2006;  Dyer et al., 2002; El-Shafei, 
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2002; Green et al., 2008; Guozhi et al. 2000; Hredzak et al., 2006; Sheu et al., 1997; Zhou y Shi, 
2001, 2002). These active balancing control schemes require information of the eccentricity of 
the involved rotating machinery. On the other hand, there exists a vast literature on 
identification and estimation methods, which are essentially asymptotic, recursive or 
complex, which generally suffer from poor speed performance (see, e.g., Ljung, 1987; 
Soderstrom, 1989; and Sagara and Zhao, 1989, 1990). 

Passive, semi-active and active control schemes have been proposed in order to cancel or 
attenuate the vibration amplitudes in rotating machinery. In passive control the rotating 
machinery is modified off-line, e.g. the rotor is stopped to adjust some of its parameters such 
as mass, stiffness or damping. Balancing consist of placing correction masses onto the 
rotating shaft (inertial disk) so that centrifugal forces due to these masses cancel out those 
caused by the residual imbalance mass.  

Active vibration control (AVC) changes the dynamical properties of the system by using 
actuators or active devices during instantaneous operating conditions measured by the 
appropriate sensors. The main advantage of active control (compared to passive control) is 
the versatility in adapting to different load conditions, perturbations and configurations of 
the rotating machinery and hence, extending the system's life while greatly reducing 
operating costs.  

Semiactive vibration control devices are increasingly being investigated and implemented. 
These devices change the system properties such as damping and stiffness while the rotor is 
operating. This control scheme is based on the analysis of the open loop response. Semi-
active control devices have received a great deal of attention in recent years because they 
offer the adaptability of active control without requiring the associated large power sources.  

This chapter deals with the active cancellation problem of mechanical vibrations in rotor-
bearing systems. The use of an active disk is proposed for actively balancing a rotor by 
placing a balancing mass at a suitable position. Two nonlinear controllers with integral 
compensation are proposed to place the balancing mass at a specific position. Algebraic 
identification is used for on-line eccentricity estimation as the implementation of this active 
disk is based on knowledge of the eccentricity. An important property of this algebraic 
identification is that the eccentricity identification is not asymptotic but algebraic, in contrast 
to most of the traditional identification methods, which generally suffer of poor speed 
performance. In addition, a velocity control is designed to drive the rotor velocity to a 
desired operating point during the first critical speed. 

The proposed results are strongly based on the algebraic parameter identification approach 
for linear systems reported in (Flies and Sira, 2003), which requires a priori knowledge of 
the mathematical model of the system. This approach has been used for parameter and 
signal estimation in nonlinear and linear vibrating mechanical systems, where numerical 
simulations and experimental results show that the algebraic identification provides high 
robustness against parameter uncertainty, frequency variations, small measurement errors 
and noise (Beltran et al., 2005, 2006, 2010).  
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2. Active balancing and vibration control of rotating machinery  
Many methods for passive balancing have been proposed, such as single plane, two planes 
or multi-plane balancing. These off-line balancing methods are very common in industrial 
applications. In these methods, the rotor is modeled as a rigid shaft that without elastic 
deformation during operation. Rotors operating under 5000 rpm can be considered rigid 
rotors. For flexible rotors the modal balancing and influence coefficient methods were 
developed for off-line balancing. Figure 1 shows an inertial disk to be balanced by adding a 
mass in opposite direction to compensate the residual unbalance.  

 
Figure 1. Inertial disk and eddy current probe displacement sensor. 

Thearle (Thearle, 1932) developed a machine for dynamically balancing rotating elements or 
high speed rotors (figure 2), where an out-of-balance mass of a rotating element or body can 
quickly and easily be located, providing the exact amount and location of the balancing mass 
that  should be placed or removed to reduce the vibration. The balancing machine contains a 
balancing head with a clutch which is first opened to release a set of balls to naturally take 
place in the balancing positions. Subsequently, the clutch is closed producing a clamping of the 
balls in the adjusted positions, while the body is being rotated above its critical speed and then 
released. Other automatic balancing devices have been proposed; essentially using  one of the 
four balancing methods; two angular arms, two sliding arms, one angular and sliding arm, or, 
one spirally sliding arm (Chong-Won, 2006; Zhou y Shi, 2001). 

 
Figure 2. Diagram of the automatic balancer using two masses. 
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The use of piezoelectric actuators as active vibration dampers in rotating machines has been 
considered in the past. Palazzolo, et al. (Palazzolo et al., 1993) first used the piezoelectric 
pusher for active vibration control in rotating machinery as it is shown in Figure 3.a. The 
pusher is soft mounted to the machine case to improve the electromechanical stability and 
connected to the squirrel cage-ball bearing supports of a rotating shaft, to actively control 
the unbalance, transient and subsynchronous responses of the test rotor, using velocity 
feedback. The piezoelectric actuators are modeled as dampers and springs. Recently, 
Carmignani et al. (Carmignani et al., 2001) developed an adaptive hydrodynamic bearing 
made of a mobile housing mounted on piezoelectric actuators to attenuate the vibration 
amplitudes in constant speed below the first critical speed. The actuators, arranged at 90° on 
a perpendicular plane to the shaft axis, exert two sinusoidal forces with a tuned phase angle 
to produce a balancing or, alternatively, a dampering effect. The authors presented 
experimental and numerical results. 

Active Magnetic Bearings (AMBs) are the mostly used devices but their use in the industrial 
field is still limited due to a low stiffness and the need of additional conventional bearings 
for fault emergency. An AMB system is a collection of electromagnets used to suspend an 
object and stabilization of the system is performed by feedback control, see Figure 3.b. In 
recent decades, AMBs has been widely used as a non-contact, lubrication-free, support in 
many machines and devices. Many researchers (Lee, 2001; Sheu-Yang, 1997) have proposed 
a variety of AMBs that are compact and simple-structured. The AMB system, which is open-
loop unstable and highly coupled due to nonlinearities inherited in the system such as the  
gyroscopic effect and imbalance, requires a dynamic controller to stabilize the system.  

 
Figure 3. a) Piezoelectric actuator and b) active magnetic bearing. 

Another device for AVC in rotating machinery is the one based on fluid film bearings. The 
dynamics of a rotor system supported by fluid film bearings is inherently a nonlinear 
problem and these fluid film bearings have been used in combination with other devices, 
such as piezoelectric actuators, magneto or electro-rheological fluids, etc. (see Figure 4).  

Guozhi et al. (2000) proposed the use of a fluid bearing with rheological fluids to reduce the 
vibrations around the first critical speed. Magnetorheological (MR) or electrorheological 
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(ER) fluids are materials that respond to an applied magnetic or electric field with a 
dramatic change in rheological behavior. To attenuate the vibration amplitudes around the 
first critical speed an on/off control is proposed to control the large amplitude around the 
first critical speed. 

Hathout and El-Shafei (Hathout and El-Shafei, 1997) proposed a hybrid squeeze film 
damper (HSFD), (see Figure 4.b), to attenuate the vibrations in rotating machinery for both 
sudden unbalance and transient run-up through critical speeds. El-Shafei (El-Shafei, 2000) 
have implemented different control algorithms (PID-type controllers, LQR, gain scheduling, 
adaptive and bang-bang controllers) for active control of rotor vibrations for HSFD-
supported rotors. Controlling the fluid pressure in the chamber, the bearing properties of 
stiffness and damping can be changed. 

 
Figure 4. Fluid film bearings: a) using rheological fluids and b) using a pressure chamber. 

Sun y Kroedkiewski (Sun and Krodkiewski, 1997, 1998) proposed a new type of active oil 
bearing, see Figure 5.a. The active bearing is supplied with a flexible sleeve whose 
deformation can be changed during rotor operation. The flexible sleeve is also a part of a 
hydraulic damper whose parameters can be controlled during operation as well. The oil film 
and the pressure chamber are separated by the flexible sealing. The equilibrium position of 
the flexible sleeve and the bearing journal is determined by load and pressure, which can be 
controlled during operation. Parameters of this damper can also be varied during operation 
to eliminate the self exciting vibration and increase the stability of the equilibrium position 
of the rotor-oil bearing system. 

Recently, Dyer et al., (Dyer et al., 2002) developed an electromagnetically actuated 
unbalance compensator. The compensator consists of two rings as shown in Figure 5.b. 
These two rings are not balanced and can be viewed as two heavy spots. These two rings are 
held in place by permanent magnetic forces. When the balancer is activated, an electric 
current passes through the coil and the rings can be moved individually with respect to the 
spindle by the electromagnetic force. The combination of these two heavy spots is 
equivalent to a single heavy spot whose magnitude and position can change to attenuate the 
vibration amplitudes. 
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Figure 5. a) Fluid film bearing with flexible sleeve and b) electromagnetically actuated unbalance 
compensator. 

3. Rotor-bearing system 

3.1. Mathematical model 

The rotor-bearing system consists of a planar and rigid disk of mass M mounted on a 
flexible shaft of negligible mass and stiffness k at the mid-span between two symmetric 
bearing supports (see Fig. 6 when a=b). Due to rotor imbalance the mass center is not located 
at the geometric center of the disk S but at the point G (center of mass of the unbalanced 
disk), the distance between these points is known as disk eccentricity or static unbalance u 
(see Vance, 1988; Dimarogonas, 1996). 

 
Figure 6. Rotor bearing system with active disk. 

In the analysis, the rotor-bearing system has an active disk (Blanco et al., 2008) mounted on 
the shaft and near the main disk (see Fig. 6). The active disk is designed in order to move a 
mass ݉ଵ in all angular and radial positions inside of the disk given by  and ݎଵ, respectively. 
In fact, these movements can be obtained with some mechanical elements such as helical 
gears and a ball screw (see Fig. 7.a). The mass ݉ଵ and the radial distance ݎଵ are designed in 
order to compensate the residual unbalance of the rotor bearing system by means of the 
correct angular position ߙ of the balancing mass. The angular position of the unbalance is 
denote by ߚ, see Fig. 7.b. 
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Figure 7. Schematic diagram and main elements of the active disk. 

The mathematical model of the five degree-of-freedom rotor-bearing system with active 
disk was obtained using Euler-Lagrange equations, which is given by (ܯ +݉ଵ)ݔሷ + ሶݔܿ + ݔ݇ = ܯ) (ݐ)௫݌ +݉ଵ)ݕሷ + ሶݕܿ + ݕ݇ =  (ݐ)௬݌

௘ܬ  ሷ߮ + ܿఝ ሶ߮ = ߬ଵ + ሷߙଵଶݎଵ݉ (1) (ݐ)ఝ݌ + 2݉ଵݎଵݎሶଵߙሶ + ݉ଵ݃ݎଵ ݏ݋ܿ ߙ = ߬ଶ ݉ଵݎሷଵ − ݉ଵݎଵߙሶ ଶ + ݉ଵ݃ ݊݅ݏ ߙ =  ܨ

with ݌௫(ݐ) = ሾݑܯ ሷ߮ sin(߮ + (ߚ + ሶ߮ ଶ cos(߮ + ሿ(ߚ + ݉ଵݎଵሾ ሷ߮ sin(߮ + (ߙ + ሶ߮ ଶ cos(߮ + (ݐ)௬݌ ሿ(ߙ = ሾݑܯ ሶ߮ ଶ sin(߮ + (ߚ − ሷ߮ cos(߮ + ሿ(ߚ + ݉ଵݎଵሾ ሶ߮ ଶ sin(߮ + (ߙ − ሷ߮ cos(߮ + (ݐ)ఝ݌ ሿ(ߙ = ሷݔሾݑܯ sin(߮ + (ߚ − ሷݕ cos(߮ + ሿ(ߚ + ݉ଵݎଵሾݔሷ sin(߮ + (ߙ − ሷݕ cos(߮ +  ሿ(ߙ
௘ܬ  	= ܬ + ²ݑܯ  ²ݎ݉+

Here c is the equivalent viscous damping provided by the isotropic bearings, ܬ and ܿఝ  
are the inertia polar moment and the viscous damping of the rotor, respectively. ߬ଵ(ݐ) is  
the applied torque (control input) for rotor speed regulation, ݔ and ݕ are the orthogonal 
coordinates that describe the disk position, ݎଵ and  denote the radial and angular  
positions of the balancing mass, which is controlled by means of the control force (ݐ)ܨ  
and the ߬ଶ(ݐ)  control torque (servomechanism). The angular position of the rotor is denote 
by ߮. 

Defining the state variables as ݖଵ = ,ݔ ଶݖ = ሶݔ , ଷݖ	 = ,ݕ ସݖ = ሶݕ , ହݖ = ߮, ଺ݖ = ሶ߮ , ଻ݖ = ,ଵݎ ଼ݖ ,ሶଵݎ= ଽݖ = ଵ଴ݖ and ߙ = ሶߙ , the following state space description is obtained. 
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ሶଵݖ =  ଶݖ

ሶଶݖ = ଵ∆ ቆ ଵெ೐ (ܾଶ + (௘ܯ௘ܬ ଵ݂ + ௔௕ெ೐ ଶ݂ + ܽ൫߬ଵ − ܿఝݖ଺൯ቇ. 

ሶଷݖ =  ସݖ

ሶସݖ = ଵ∆ ቆ௔௕ெ೐ ଵ݂ + ଵெ೐ ௘ܯ௘ܬ) − ܽଶ) ଶ݂ + ܾ൫߬ଵ − ܿఝݖ଺൯ቇ. 

ሶହݖ =  ଺ݖ

ሶ଺ݖ  = ଵ∆ ቀ−ܽ ଵ݂ − ܾ ଶ݂ − ௘൫߬ଵܯ − ܿఝݖ଺൯ቁ. (2) ݖሶ଻ =  ଼ݖ

ሶ଼ݖ = 1݉ଵ ܨ) − ݃݉ଵ sin ଽݖ + ݉ଵݖ଻ݖଵ଴ଶ ሶଽݖ ( =  ଵ଴ݖ

ሶଵ଴ݖ = 1݉ଵݖ଻ଶ (߬ଶ − ݃݉ଵݖ଻ ݏ݋ܿ ଽݖ − 2݉ଵݖ଻ݖ଼ݖଵ଴) ݕ = ଵଶݖ +  ଷଶݖ

with   

ଵ݂ = ܿఝݖଶ + ଵݖ݇ − ௬ݑ଺ଶݖܯ − ݉ଵݎ௬ݖ଺ଶ, ଶ݂ = ସݖܿ + ଷݖ݇ − ௫ݑ଺ଶݖܯ − ݉ଵݎ௫ݖ଺ଶ, ܽ = ௫ݑܯ− −݉ଵݎ௫, ܾ = ௬ݑܯ +݉ଵݎ௬, ܬ௘ = ܬ + ଶݑܯ + ݉ଵݎଵଶ, ܯ௘ = ܯ +݉ଵ and ∆= ܽଶ + ܾଶ −  .௘ܯ௘ܬ

The rotor-bearing system with active disk is then described by the five degree-of-freedom, 
highly nonlinear and coupled model (2). The proposed control objective consists of reducing 
as much as possible the rotor vibration amplitude, denoted in non-dimensional units by  

 ܴ = ට௭భమା௭యమ௨   (3) 

for run-up, coast-down or steady state operation of the rotor system, even in presence of 
small exogenous or endogenous perturbations. 

In the following table the rotor system parameters used throughout the chapter are presented. 
ܯ  = 1.2݇݃ ݉ଵ = 0.003݇݃ ܽ = ܾ = ߚ 0.3݉ = 6ߨ ߙ ݀ܽݎ = ௗ௜௦௞ݎ ݀ܽݎ0 = ݑ 0.04݉ = ఝܿ ݉ߤ100 = 1.5 × 10ିଷ ݏ݉ܰ ܦ = 0.01݉ 

Table 1. System parameters 
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3.2. Active vibration control 

3.2.1 Active disk control 

Here it is proposed to use an active disk for actively balancing of the rotor (see Fig. 8). It can 
be seen that if the mass ݉ଵ is located at the position ቀ̅ݎ = ெ௨௠భ , തߙ = ߚ +  ቁ the unbalance canߨ

be cancelled because the centrifugal force due to this mass cancel out those caused by the 
residual imbalance mass. The balancing mass is placed at an angle of 180 to the unbalanced 
mass to restore the centre of rotation. 

 
Figure 8. Main components of the active disk. 

In order to design the position controllers for the balancing mass ݉ଵ, consider its associated 
dynamics: ݖሶ଻ =  ଼ݖ

ሶ଼ݖ = 1݉ଵ ܨ) − ݃݉ଵ sin ଽݖ + ݉ଵݖ଻ݖଵ଴ଶ ሶଽݖ ( =  ଵ଴ݖ

ሶଵ଴ݖ = 1݉ଵݖ଻ଶ (߬ଶ − ݃݉ଵݖ଻ ݏ݋ܿ ଽݖ − 2݉ଵݖ଻ݖ଼ݖଵ଴) ݕଶ = ଷݕ ଻ݖ =  ଽݖ

From these equations, the exact linearization method (Sira et al., 2005) is applied and the 
following nonlinear controllers can be obtained with integral compensation to take the 
balancing mass to the equilibrium position ቀݕଶ = ݎ̅ = ெ௨௠భ , ଷݕ = തߙ = ߚ +  :ቁߨ

ܨ  = ݉ଵݒଶ + ݃݉ଵ sen ଽݖ − ݉ଵݖ଻ݖଵ଴ଶ  (4) 

 ߬ଶ = ݉ଵݖ଻ଶݒଷ + ݃݉ଵݖ଻ cos ଽݖ + 2݉ଵݖ଻ݖ଼ݖଵ଴ (5) 
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with ݒଶ = (ݐ)∗ሷଶݕ − ሶଶݕଶଶሾߛ − ሿ(ݐ)∗ሶଶݕ − ଶݕଶଵሾߛ − ሿ(ݐ)∗ଶݕ − ଶ଴ߛ ׬ ሾݕଶ − ௧଴ߪሿ݀(ߪ)∗ଶݕ ଷݒ . = (ݐ)∗ሷଷݕ − ሶଷݕଷଶሾߛ − ሿ(ݐ)∗ሶଷݕ − ଷݕଷଵሾߛ − ሿ(ݐ)∗ଷݕ − ଷ଴ߛ ׬ ሾݕଷ − ௧଴ߪሿ݀(ߪ)∗ଷݕ . 

where ݕሶଶ∗(ݐ) and ݕሶଷ∗(ݐ) are desired trajectories for the outputs ݕଶ and ݕଷ. Thus, the tracking 
errors ݁ଶ = ଶݕ − and ݁ଷ (ݐ)∗ଶݕ = ଷݕ −  ,obey the following set of linear, decoupled ,(ݐ)∗ଷݕ
homogeneous differential equations: ݁ଶ(ଷ) + ଶଶߛ ሷ݁ଶ + ଶଵߛ ሶ݁ଶ + ଶ଴݁ଶߛ = 0 ݁ଷ(ଷ) + ଷଶߛ ሷ݁ଷ + ଷଵߛ ሶ݁ଷ + ଷ଴݁ଷߛ = 0 

which can be handle to have the point: (݁ଶ, ݁ଷ) = (0,0), as an exponentially asymptotically 
stable equilibrium point by selecting the design parameters ሼߛଶ଴, ,ଶଵߛ ,ଶଶߛ ,ଷ଴ߛ ,ଷଵߛ  ଷଶሽ suchߛ
that the characteristic polynomials ݌ଶ(ݏ) = ଷݏ + ଶݏଶଶߛ + ݏଶଵߛ + (ݏ)ଷ݌ ଶ଴ߛ = ଷݏ + ଶݏଷଶߛ + ݏଷଵߛ +  ଷ଴ߛ

are Hurwitz polynomials. 

It is evident, however, that the controllers (4) and (5) require information of the disk 
eccentricity (ݑ,  In what follows the algebraic identification method to estimate the disk .(ߚ
eccentricity (ݑ,  .is applied (ߚ

3.2.2 Angular velocity controller 

In order to control the speed of the rotor, consider its associated dynamics, under the 
assumption that the effect of the unbalance was cancelled out by the active disk and that the 
disk eccentricity (ݑ, ܬis perfectly known: ሾ (ߚ + ଶݑܯ) +݉ଵݎଵଶ)ሿ ሶ଺ݖ + ܿఝݖ଺ = ߬ଵ 

ଵݕ  =  ଺ (6)ݖ

From this equation, the following PI controller to asymptotically track a desired reference 
trajectory ݕሶଵ∗(ݐ) can be obtained: ߬ଵ = ሾ	ܬ + ଶݑܯ) +݉ଵݎଵଶ)ሿݒଵ + ܿఝݖ଺ 

ଵݒ  = (ݐ)∗ሶଵݕ − ଵݕଵଵሾߛ − ሿ(ݐ)∗ଵݕ − ଵ଴ߛ ׬ ሾݕଵ − ௧଴ߪሿ݀(ߪ)∗ଵݕ . (7) 

The use of this controller yields the following closed-loop dynamics for the trajectory 
tracking error ݁ଵ = ଵݕ −   as follows (ݐ)∗ଵݕ

 ሷ݁ଵ + ଵଵߛ ሶ݁ଵ + ଵ଴݁ଵߛ = 0 (8) 
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Therefore, by selecting the design parameters ሼߛଵ଴,  ଵଵሽ such that the associatedߛ
characteristic polynomial for (8) be Hurwitz, it is guaranteed that the error dynamics be 
globally asymptotically stable. 

4. On-line algebraic identification of eccentricity 

Consider the first two equations in (1), where measurements of the position  
coordinates of the disk (ݖଵ,  ଷ) are available to be used in the on-line eccentricityݖ
identification scheme. (ܯ +݉ଵ)ݖሶଶ + ଶݖܿ + ଵݖ݇ = ሶ଺ݖሾݑܯ sen(ݖହ + (ߚ + ሶ଺ଶݖ cos(ݖହ + ሶ଺ݖଵሾݎሿ+ +݉ଵ(ߚ sen(ݖହ + (ߙ + ሶ଺ଶݖ cos(ݖହ +   ሿ(ߙ

ܯ)  +݉ଵ)ݖሶସ + ସݖܿ + ଷݖ݇ = ହݖ)ሶ଺ଶsenݖሾݑܯ + (ߚ − ሶ଺ݖ cos(ݖହ + ሿ(ߚ + (9) +	݉ଵݎଵሾݖሶ଺ଶsen(ݖହ + (ߙ − ሶ଺ݖ cos(ݖହ +   ሿ(ߙ
Multiplying (9) by the quantity ݐଶ and integrating the result twice with respect to time ݐ, the 
following is obtained: ׬ ቂ(ܯ +݉ଵ)ݐଶ ௗ௭మௗ௧ + ଶݖଶݐܿ + ଵቃ(ଶ)ݖଶݐ݇ ׬= ଶݐݑܯ ௗௗ௧ ሾݖ଺ sen(ݖହ + ሿ(ଶ)(ߚ + ׬ ݉ଵݎଵݐଶ ௗௗ௧ ሾݖ଺ sen(ݖହ + ሿ(ଶ)(ߙ . 

׬  ቂ(ܯ +݉ଵ)ݐଶ ௗ௭రௗ௧ + ସݖଶݐܿ + ଷቃ(ଶ)ݖଶݐ݇  (10) 

= ׬ ଶݐݑܯ ௗௗ௧ ሾݖ଺ cos(ݖହ + ሿ(ଶ)(ߚ + ׬ ݉ଵݎଵݐଶ ௗௗ௧ ሾݖ଺ cos(ݖହ + ሿ(ଶ)(ߙ . 

where ׬ (௡)(ݐ)߮  are iterated integrals of the form ׬ ׬ ⋯ఙభ଴ ׬ ௡ߪ݀(௡ߪ)߮ ଵఙ೙షభ଴௧଴ߪ݀⋯ , with  (ݐ)߮׬ = ׬ ௧଴ߪ݀(ߪ)߮  and ݊  a positive integer. 

Using integration by parts, the following is obtained: (ܯ +݉ଵ) ቂݐଶݖଵ − ׬4 ଵݖݐ + ׬2 ଵ(ଶ)ݖ ቃ + ܿఝ ቂ׬ ଵݖଶݐ − ׬2 ଵ(ଶ)ݖݐ ቃ + ݇ ׬ ଵ(ଶ)ݖଶݐ =. 

= ݑܯ ቂݐଶݖ଺ ହݖ)݊݅ݏ + (ߚ − ׬2 ଺ݖݐ ହݖ)݊݅ݏ + (ଶ)(ߚ ቃ +. 

 +݉ଵݎଵ ቂ׬ ଺ݖଶݐ ହݖ)݊݅ݏ + (ߙ − ׬2 ଺ݖݐ ହݖ)݊݅ݏ + (ଶ)(ߙ ቃ. (11) (ܯ +݉ଵ) ቂݐଶݖଷ − ׬4 ଷݖݐ + ׬2 ଷ(ଶ)ݖ ቃ + ܿఝ ቂ׬ ଷݖଶݐ − ׬2 ଷ(ଶ)ݖݐ ቃ + ݇ ׬ ଷ(ଶ)ݖଶݐ =. 

= ݑܯ− ቂݐଶݖ଺ ହݖ)ݏ݋ܿ + (ߚ − ׬2 ଺ݖݐ ହݖ)ݏ݋ܿ + (ଶ)(ߚ ቃ +. 

+݉ଵݎଵ ቂ׬ ଺ݖଶݐ ହݖ)ݏ݋ܿ + (ߙ − ׬2 ଺ݖݐ ହݖ)ݏ݋ܿ + (ଶ)(ߙ ቃ  
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The above integral-type equations (11), after some algebraic manipulations, lead to the 
following linear equations system: 

ߠ(ݐ)ܣ  =  (12) (ݐ)ܾ

where ߠ = ఎݑൣ = ݑ cos ߚ , కݑ = ݑ sin  ൧் denotes the eccentricity parameter vector to beߚ
identified and (ݐ)ܾ ,(ݐ)ܣ are 2x2 and 2x1 matrices, respectively, which are described by 

(ݐ)ܣ = ൤ ܽଵଵ(ݐ) ܽଵଶ(ݐ)−ܽଵଶ(ݐ) ܽଵଵ(ݐ)൨ , (ݐ)ܾ = ൤ܾଵ(ݐ)ܾଶ(ݐ)൨ 
whose components are time functions specified as ܽଵଵ = ܯ ቂ׬ ଺ݖଶݐ sen ହݖ − ׬2 ଺ݖݐ sen ହ(ଶ)ݖ ቃ. ܽଵଶ = ܯ ቂ׬ ଺ݖଶݐ cos ହݖ − ׬2 ଺ݖݐ cos ହ(ଶ)ݖ ቃ. ܾଵ = ܯ) +݉ଵ)ݐଶݖଵ + ଵݖଶݐܿ)׬ − ܯ)4 +݉ଵ)ݖݐଵ). +׬(݉ଵݖ଺ݖ଻ݐଶ sen(ݖହ + ((ߙ + ׬ ܯ)2) +݉ଵ)ݖଵ − ଵݖݐ2ܿ + (ଵݖଶݐ݇ +(ଶ) ׬ 2݉ଵݖ଺ݖ଻ݐ sen(ݖହ + (ଶ)(ߙ . ܾଶ = ܯ) +݉ଵ)ݐଶݖଷ + ଷݖଶݐܿ)׬ − ܯ)4 +݉ଵ)ݖݐଷ).. +׬(݉ଵݖ଺ݖ଻ݐଶ cos(ݖହ + ((ߙ − ׬ 2݉ଵݖ଺ݖ଻ݐ cos(ݖହ + (ଶ)(ߙ . 

From equation (12) it can be concluded that the parameter vector  is algebraically identifiable 
if, and only if, the trajectory of the dynamical system is persistent in the sense established by 
Fliess and Sira-Ramírez (Fliess and Sira-Ramírez, 2003), that is, the trajectories or dynamic 
behavior of the system satisfy the condition  det (ݐ)ܣ ≠ 0 

In general, this condition holds at least in a small time interval (ݐ଴, ଴ݐ +  ଴ is aߜ ଴ሿ, whereߜ
positive and sufficiently small value. The parameter identification is quickly performed and 
it is almost exact with respect to the real parameters. It is also evident the presence of 
singularities in the algebraic identifier, i.e., when the determinant den=det(A) is zero. The 
first singularity, however, occurs after the identification has been finished.  

In (Beltran, 2010) is described the application of an on-line algebraic identification 
methodology for parameter and signal estimation in vibrating systems. The algebraic 
identification is employed to estimate the frequency and amplitude of exogenous vibrations 
affecting the mechanical system using only position measurements. Some simulations and 
experimental results are presented using the on-line algebraic identification scheme for an 
electromechanical platform (ECP™ rectilinear plant) with a single degree-of-freedom mass-
spring-damper system. 

By solving equations (12) the following algebraic identifier for the unknown eccentricity 
parameters is obtained:  
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ఎ௘ݑ = ௕భ௔భభି௕మ௔భమ௔భభమ ା௔భమమݑక௘ = ௕భ௔భమା௕మ௔భభ௔భభమ ା௔భమమݑ௘ = ටݑఎ௘ଶ + ௘ߚక௘ଶݑ = cos ቀ௨ആ೐௨೐ ቁ ۙۖۖ
ۘۖ
ۖۗ ݐ∀ ∈ ,଴ݐ) ଴ݐ +  ଴ሿ (13)ߜ

5. Simulation results 

In Fig. 9 it is depicted the identification process of the eccentricity. A good and  
fast estimation (ݐ ≪  can be observed. Fig. 10 shows the dynamic behavior of the (ݏ0.1
adaptive-like control scheme (7), which starts using the nominal value u=  A desired .݉ߤ0
reference trajectory was considered for regulating the evolution of the output variable ݕଵ 
towards the desired equilibrium ݕത = ଺̅ݖ =  which is given by a Bezier type ,ݏ/݀ܽݎ300
polynomial in time.  

 
 

 
 
 

Figure 9. Eccentricity (u) and angular position (β) identification. 
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Figure 10. Rotor speed and control torque. 

Fig. 11 shows the dynamic behavior of the active disk controllers when the balancing mass 
is driven to the equilibrium position ቀ̅ݎ = ெ௠భ ,௘ݑ തߙ = ௘ߚ +  ቁ. In this position the active diskߨ

cancels the unbalance, as it is shown in the Fig. 12. The controllers are implemented when 
the eccentricity has been estimated. 
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Figure 11. Dynamic response of the balancing mass: radial position (y2=z₇), angular position (y3=z₉), 
control force (F) and moment force (τ2). 

  
Figure 12. Unbalance response with automatic balancing and without active disk. 
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6. Conclusions 

The active vibration control of rotor-bearing systems using active disks for actively 
balancing a rotor is addressed. This approach consists of locating a balancing mass at a 
suitable position. Since this active control scheme requires information of the eccentricity, a 
novel algebraic identification approach is proposed for the on-line estimation of the 
eccentricity parameters. This approach is quite promising, in the sense that from a 
theoretical point of view, the algebraic identification is practically instantaneous and robust 
with respect to parameter uncertainty, frequency variations, small measurement errors and 
noise. Thus the algebraic identification is combined with two control schemes to place the 
balancing mass in the correct position to cancel the unbalance of the rotor. A velocity control 
is designed to take the rotor velocity to a desired operating point over the first critical speed 
in order to show the vibration cancellation. The controllers were developed in the context of 
an off-line prespecified reference trajectory tracking problem. Numerical simulations were 
included to illustrate the proposed high dynamic performance of the active vibration control 
scheme proposed.  
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